CPS234 Computational Geometry 1 November 2005

Lecture 18: Random Sampling

Lecturer: Pankaj K. Agarwal Scribe: Amber Stillings

18.1 Lecture Summary

This lecture will show motivating reasons for using random sampling. An algorithm for finding the median
of numbers using random sampling is shown. Geometric examples of random sampling are also shown.

Random sampling methods sacrifice accuracy in favor of better space and time requirements, and methods
of bounding error are described, includiagnets,e-approximations, and discrepancy. VC-dimension is also
described and shown as a tool for bounding error.

18.2 Toy Example: Finding the Median of Numbers

X:JEl,...,Jln §§R

Goal: Compute the median of

Median of medians takes linear time. Described here is another linear time algorithm, with a better constant
than median of medians.

18.2.1 Random Sampling Median Algorithm

1) Choose/n numbers at random
2) Sort thesg/n numbersY = ;1 < ;2 < ... < x;, Wherek = /n
3) Let X~ be the elements of rarik/2 —5inY
Let X* be the elements of rank/2 + 5in Y
4) rk(x): rank ofz in X
Z=zrk(X") <rk(z) <rk(X™)
5)if |Z| > c¢-y/nor((rk(X~) <n/2 <rk(X™") nottrue) then go to step 1
6) Compute the element of ram{2 — rk(X~) in Z
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18.3 Geometry Examples

18.3.1 Range Searching

Figure 18.1: Orthogonal Range Searching: Points and Query Rectangle

Count points in query rectangle. With(n log n) space, this can be done@logn) query time.

Some applications have too much data thougt(log n) space is unreasonable). Instead, a random subset
is stored. A correct answer cannot be expected. Instead, an approximation is obtained.

B: words of storage
S: Set ofn points inf?
Store a random subsat C S of B points.

r: query rectangle

Compute|r N N|

Return|r N N| - %

18.3.2 Query Segments

\\ - Query Segment
)(%\

\

Figure 18.2: Input and Query Segments

Does the query segment intersect any of the input segments? This problem relates to motion planning in Al
(Probabilistic Road Maps). A tradeoff is made. Accuracy is sacrificed in order to improve speed.
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Some mistakes are made, especially if the query intersects few segments (ie, the query segment intersects
only 1 segment and that segment is not in the sample being stored).

18.4 Statistical Analysis

X: finite set ofn. objectsc R?
R: a set of subsets of, R C 21X

R is called ranges or hyperedges.
Y = (X, R): set system, hypergraph, range space

18.4.1 Ranged?;

R; = {X Nn~|yis ahalfplané

o O
Query Halfplane

Figure 18.3: Points and Query Halfplane

IRy <2(3)

Figure 18.4: One Dimensional example &, where|R;| = 2n

H=(X,Ry)
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18.4.2 RangesR,

Ry = {X N p|pis an orthogonal rectangle
|Ro| = O(n*), R=(X,Ry)

18.4.3 Rangesi;

Rs = {X Nn|r is a convex polygoh
|Rs| < 2™

Figure 18.5: Points on a circle illustrate hoyR;| is exponential

I = (Xa R3)

18.4.4 Ranged:,

x: set ofn lines inR?
R, = {{l € x|l intersects:}|e is a segmerjt

Query
Segment

Figure 18.6: Example of a range i®,. If the endpoints of segments are in the same face, they intersect the
same lines. There aré* pairs of segments.

|Ra| = O(n?)
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18.5 e-nets,e-approximations, discrepancy, and VC-Dimension

Definition1 ¥ = (X,R),0<e <1
N C X isane-netifvr € R,|r| > ¢|X|=rNN #£0

e-nets are like hitting sets.

Definition2 ¥ = (X, R),0<e <1

N C X is ane-approximation ifvr € R, |z — Z0N]

[X] [N

’ <e€
e-approximations are stronger thaimets.

Definition 3 ¥ = (X, R)

X X — {717 1}

disc(r) = | Sper X(@)
disc(X, x) = maz,ecgdisc(r)
disc(X) = minydisc(Z, x)

Discrepancy looks for inbalance. If the set has a small discrepancy, this means the set was balanced, and
approximately half the points can be removed from the set (ie, get rid of all -1 points and use only +1 points).

How can you color the points (mark them as either -1 or 1) so that for all possible halfpiafies) ~

#(+1)?

o o
Query Halfplane

Universe

Figure 18.7: If the discrepancy is small, the number of positive and negative points in the halfplane is
approximately equal.

Theorem 1 disc(H) = ©(n1)
disc(Rz) = 6(logn)
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This means that there exists a coloration so héat 1) = O(n7) - #(+1) or vice versa.

After removing half the points, (say, the +1 points), you can recurse to get the total number of points desired.

18.5.1 VC-Dimension

S = (X,R)

YCX

Ry ={rnY|r e R}

Yy = (Y,Ry)

Y is shattered by if |2y | = 2!

Definition 4 VCDim(X): maximum size of a subsgtC X that can be shattered By.

.4— —>\
) O (®)
o O
el OR
o |~ O
- o (@) (@) (®
A _ _
There are 2 possible configurations
3 points can be shattered of 4 points. The circled points show
by halfplanes combinations that cannot be shattered
by halplanes. Therefore, 4 points cannot
be shattered by halfplanes.
Figure 18.8: 3 points can be shattered by halfplanes. 4 cannot.
VCODim(H) = 3

VCDim(X) = oo if the subsets of all sizes can be shattered.
VCDim(IT) = 0o

Clam1l VCDim(X) =d, |X|=n then
IRl < 320 (7) = O(n)

Theorem2 ¥ = (X,R), 0<e< 1, VCDim(X)=d
A random subseV C X of size

84(1n(1) +In(1))

is ane-net of ¥ with probability> 1 — 4.
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Theorem3 ¥ = (X,R), 0<e<1, VCDim(X)=d
A random subselV C X of size

5 (In(L) +In(}))

is ane-approximation of with probability > 1 — 4.

There exists ar-approximation of siz@((%)%).

Next class we will talk about applications ehets and a sketch of the proofs for these claims and theorems
will be given.



