Section: Properties of Context-free
Languages

Which of the following languages are
CFL?

o L={a"V"¢) | 0 < n<j}
o L={a"Vd"V |n>0,j >0}

QL:{a”bjakbp\nij§k+p,n>0,j>
0,k>0,p>0}



Pumping Lemma for Regular
Language’s: Let L be a regular
language, Then there is a constant m
such that w € L, |w| > m, w = xyz such
that

o |yl <m
oyl =1
o for all i >0, zy'z € L



Pumping Lemma for CFL’s Let L be
any infinite CFL. Then there is a
constant m depending only on L, such
that for every string w in L, with

lw| > m, we may partition w = uvzyz
such that:

lvzy| < m, (limit on size of substring)
lvy| > 1, (v and y not both empty)
For all ¢ > 0, uv'xy'z €L

e Proof: (sketch) There is a CFG G
s.t. L=L(G).
Consider the parse tree of a long
string in L.
For any long string, some

nonterminal N must appear twice
in the path.



Example: Consider
L={a""c":n >1}. Show L is not a
CFL.

e Proof: (by contradiction)

Assume L is a CFL and apply the
pumping lemma.

Let m be the constant in the
pumping lemma and consider

w = a"b"c™. Note |w| > m.

Show there is no division of w into
wvryz such that |vy| > 1, |vay| < m,
and wvlxy'z €L for i =0,1,2, .. ..



Thus, there is no breakdown of w
into uvxyz such that |vy| > 1,
lvzy| < m and for all i > 0, w'zy'z is

in .. Contradiction, thus, L is not a
CFL. Q.E.D.



Example Why would we want to
recognize a language of the type

{a"b"c" i n > 1}7

Example: Consider
L=A{ad""c’:p>n>0} Show L is not
a CFL.

® Proof: Assume L is a CFL and
apply the pumping lemma. Let m
be the constant in the pumping
lemmma and consider
w = Note |w| > m.

Show there is no division of w into
uvzyz such that |vy| > 1, [vzy| < m,
and uv'zy'z €L for i =0,1,2,....



Example: Consider L = {a/b" : k = j2}.
Show L is not a CFL.

e Proof: Assume L is a CFL and
apply the pumping lemma. Let m
be the constant in the pumping
lemmma and consider
w =

Show there is no division of w into
uwvzryz such that |vy| > 1, |vry| < m,
and wv'zy'z €L for i =0,1,2, .. ..

Case 1: Neither v nor y can contain
2 or more distinct symbols. If v
contains a’s and b’s, then uwv’zy’z¢L
since there will be 0’s before a’s.

Thus, v and y can be only a’s, and
b’s (not mixed).



Example: Consider
L ={wow:we X"}, ¥ ={a,b}, where w
is the string w with each occurence of

a replaced by b and each occurence of
b replaced by a. Show L is not a CFL.

® Proof: Assume L is a CFL and
apply the pumping lemma. Let m
be the constant in the pumping
lemma and consider
W —

Show there is no division of w into
uvryz such that |vy| > 1, |vzy| < m,
and wv'zy'z €L for 1 =0,1,2,....



Example: Consider L = {a"b’bla"}. L
is a CFL. The pumping lemma should

apply!
Let m > 4 be the constant in the

pumping lemma. Consider
w = ab"p"a.

We can break w into uvzyz, with:



Chap 8.2 Closure Properties of CFL’s

Theorem CFL’s are closed under
union, concatenation, and
star-closure.

e Proof:
Given 2 CFG G| = (V1,T11,51, P1) and
Go = (V2, T3, 59, P»)

— Union:
Construct G3 s.t. L(G3) = L(Gy)
U L(GQ).
Gg = (13,13, 53, P3)
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— Concatenation:

Construct G3 s.t. L(G3) =
L(G1)oL(G2).
Gs = (V3,13,53, 1)

— Star-Closure
Construct G3 s.t. L(G3) = L(G;)*
Gs3 = (V3,13, 53, %)
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Theorem CFL’s are NOT closed under
intersection and complementation.

e Proof:

— Intersection:
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— Complementation:
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Theorem: CFL’s are closed under

reqular intersection. If L; is CFL and
Lo is regular, then L; N Ly is CFL.

e Proof: (sketch) We take a NPDA
for L1 and a DFA for L, and
construct a NPDA for LN Lo.

M1 — (Ql, Z, F, (51, qo, <, F1> is an
NPDA such that L(M;) = L.

MQ — (QQ, 2, 52, q(l), FQ) is a DFA such
that L(Ms) = Lo.

Example of replacing arcs (NOT a
Proof!):
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We must formally define 43. If

then

Must show

if and only if
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Questions about CFL:

1. Decide if CFL is empty?

2. Decide if CFL is infinite?
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Example: Consider
L = {a®™b*"c*d™ : n,m > 0}. Show L is
not a CFL.

e Proof: Assume L is a CFL and
apply the pumping lemma. Let m
be the constant in the pumping
lemmma and consider
w = a?MpPMmemdn,

Show there is no division of w into
wvxryz such that |vy| > 1, |vxy| < m,
and uvlxy'z €L for i =0,1,2, .. ..

Case 1: Neither v nor y can contain
2 or more distinct symbols. If v
contains a’s and b’s, then uwv’zy’z¢L
since there will be 0’s before a’s.

Thus, v and y can be only a’s, b’s,
c’s, or d’s (not mixed).

Case 2: v = a'l, then y = a2 or '3
(Joxy| < m)

If y = a'2, then
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wv’zyly = a?MHhtp2memgn ¢ I since
t1 4+ to > 0, the number of a’s is not
twice the number of ¢’s.

If y = b3, then

wvlzry’z = o?MHpm g ¢ [, since
t1 + t3 > 0, either the number of a’s
(denoted n(a)) is not twice n(c) or
n(b) is not twice n(d).

Case 3: v =b'l, then y = b2 or ('3

If y = b2, then

wolzy’z = a® MMt mgm ¢ [, since
t1 +to > 0, n(b)> 2«n(d).

If y = ¢!3, then

wolzy’z = a®Mb*M M ¢ [ since
t1 +t3 > 0, either n(b)> 2«n(d) or
2xn(c)>n(a).

Case 4: v = ¢!, then y = ¢2 or d%3

If y = ¢2, then

wolzy’z = a®mb*mem it gm ¢ [ since
t1 +1t9 > 0, 2%n(c)>n(a).

If y = d'3, then
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wo’zy’z = a?MbPMM T gm T ¢ [ since
t1 +t3 > 0, either 2xn(c)>n(a) or
2xn(d)>n(b).

Case 5: v = d'l, then y = d”

then uwv’zy’z = a?"?McMdm Tt ¢ [,
since t| + to > 0, 2xn(d)>n(c).

Thus, there is no breakdown of w
into uwvxryz such that |vy| > 1,

lvzy| < m and for all i > 0, w'zy'z is

in L. Contradiction, thus, L is not a
CFL. Q.E.D.
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