
CS 445 / 645 
Introduction to Computer Graphics 



Splines - History 

A Duck (weight) 

Ducks trace out curve 



Representations of Curves 



Specifying Curves (hyperlink) 



Parametric Curves 



Cubic Polynomials 
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Parametric Curves 



Piecewise Curve Segments 



Continuity of Curves 



Parametric Cubic Curves 



Parametric Cubic Splines 



Coefficients 



Parametric Curves 



Parametric Curves 



Hermite Cubic Splines 



Hermite Cubic Splines 
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Hermite Cubic Splines 



Hermite Cubic Spline 
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Hermite Cubic Spline 
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Hermite Cubic Splines 
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Hermite Cubic Spline 
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Hermite Cubic Spline 

[ ]

dt
dpcbaf

d
c
b
a

cbaf

x
x

x

1

2

2

23)1(

011213

1213)1(

=++=ʹ′

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⋅⋅=

++=ʹ′

[ ]

dt
dp

gfef

h
g
f
e

gfef

y
y

y

1

2

2

23)1(

011213

1213)1(

=++=ʹ′

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⋅⋅=

++=ʹ′



Hermite Specification 
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Solve Hermite Matrix 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡
−

h
g
f
e

d
c
b
a

dt
dp

dt
dp
p
p

dt
dp

dt
dp
p
p

y

y

y

y

x

x

x

x

2

1

2

1

1

1

2

11

0123
0100
1111
1000



Spline and Geometry Matrices 
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MHermite GHermite 



Resulting Hermite Spline Equation 



Demonstration 



Sample Hermite Curves 



Blending Functions 



Hermite Blending Functions 



Hermite Blending Functions 



Bézier Curves 



Bézier Curves 



Bézier vs. Hermite 



Bézier vs. Hermite 



Bézier Basis and Geometry Matrices 



Bézier Blending Functions 



Bézier Blending Functions 



Bézier Curves 



Bézier Curves 



Why more spline slides? 



B-Spline Curve 



Uniform B-Splines 



Uniform B-Splines 



B-spline Basis Matrix 
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B-Spline Basis Matrix 



B-Spline 
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B-Spline 



B-Spline 



Nonuniform, Rational B-Splines 
(NURBS) 



NURBs 



What is a NURB? 



What do we get? 



Converting Between Splines 



Converting Between Splines 



Converting Between Splines 



Rendering Splines 



Horner’s Method 
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Forward Difference 
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Subdivision Methods 



Rendering Bezier Spline 

          public void spline(ControlPoint p0, ControlPoint p1, 
                                        ControlPoint p2, ControlPoint p3, int pix) { 
              float len = ControlPoint.dist(p0,p1) + ControlPoint.dist(p1,p2) 
                                + ControlPoint.dist(p2,p3); 
              float chord = ControlPoint.dist(p0,p3); 
              if (Math.abs(len - chord) < 0.25f) return; 
              fatPixel(pix, p0.x, p0.y); 
              ControlPoint p11 = ControlPoint.midpoint(p0, p1); 
              ControlPoint tmp = ControlPoint.midpoint(p1, p2); 
              ControlPoint p12 = ControlPoint.midpoint(p11, tmp); 
              ControlPoint p22 = ControlPoint.midpoint(p2, p3); 
              ControlPoint p21 = ControlPoint.midpoint(p22, tmp); 
              ControlPoint p20 = ControlPoint.midpoint(p12, p21); 
              spline(p20, p12, p11, p0, pix); 
              spline(p3, p22, p21, p20, pix); 
          } 


