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1 Overview

In this lecture, we will give an introduction of background knowledge about Spectral Graph Algorithm

2 Prelimiaries

2.1 Notations

• Matrices : M⊂ Rn×n

• rank(M) : number of linearly independent columns of M (dimension of the matrix space)

• null(M) : null(M) = {x ∈ Rn : Mx = 0}, null(M)+ rank(M) = n

• det(M) : det(M) = ∑δ∈S(−1)inv(δ )
∏

n
i=1 miδ (i), S: all permutation of i = 1,2 . . . ,n; inv(δ ): number of

crossings.

2.2 Eigenvalue and Eigenvectors

Definition 1 (Eigenvalue and Eigenvectors). Given matrix A ∈ Rn×n, for any non-zero vector x ∈ Rn, s.t.
Ax = λx. We say λ is the eigenvalue associated with the eigenvector x.

Based on the definition of eigenvalue and eigenvector, we have

Ax = λx

⇒ (A−λ I)x = 0

⇒ rank(A−λ I)< n

⇒ det(A−λ I) = 0

Since det(A−λ I) is the characteristic polynomial of degree n, the eigenvalues are roots of characteristic
polynomial.

Theorem 1 (Spectral Theorem). If A is real symmetric, then there exists n real eigenvalues and a set of n
orthonormal eigenvectors of A. If rank(A) = r < n, then its eigenvectors can be partitioned into two sets:
(1) spanning the null space of A (n-r, eigenvalue = 0); (2) spanning the column space of A (r)
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Figure 1: Adjacency Matrix

2.3 Diagonalization

Definition 2 (diagonalization). For all real symmetric matrix A, A = LDL−1 = LDLT , L is orthonormal
eigenvectors and D is a diagonal matrix with eigenvalues.

Lemma 2. The trace of matrix A tr(A) = ∑
n
i=1 λi, λi are eigenvalues.

Proof. Since A =: LDL−1, we have

tr(A) = tr(LDL−1) = tr(DL−1L) = tr(D) =
n

∑
i=1

λi

3 Graph Related Matrix

3.1 Adjacency Matrix

Definition 3 (Adjacency Matrix). Given a graph G = (V,E), the adjacency matrix of G is defined as A =
[ai j]1≤i, j≤n, where ai j = 1 iff (i, j) ∈ E

For example, the adjacency matrix of a complete graph is in Figure 1(a), which can be represented as
1− I. Now we compute the eigenvalues of it.

(1− I)x = λx

⇒ 1x = (λ +1)x

We know the eigenvalues of 1 is n−1 multiplicity of 0 and the last eigenvalue of n with eigenvector 1.
Therefore, the eigenvalues of 1− I is n−1 multiplicity of −1 and the last eigenvalue equals n−1.

Theorem 3. A graph is bipartite iff the eigenvalues of A occur in pairs λ ,−λ .

Proof. Suppose G is bipartite and λ has multiplicity k. The adjacency matrix A has the form in Figure 1(b).
Then we have

A(x,y)T = λ (x,y)T

⇒ BT y = λx,Bx = λy
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Also, we can get

A(x,−y)T = (−BT y,Bx)T = (−λx,λy)T =−λ (x,−y)T

Thus, −λ is also an eigenvalue of A.
On the other hand, suppose k is odd, we have

Ax = λix

⇒ Akx = λ
k
i x

⇒ tr(Ak) =
n

∑
i=1

λ
k
i = 0

Also, A is non-negative leads to Ak is non-negative. Therefore, ak
ii = 0, ∀ i, which means there is no

length k cycle in G. G is bipartite.

3.2 Laplacian Matrix

Definition 4 (Laplacian Matrix). Given a graph G = (V,E), the Laplacian matrix of G is defined as L =
D−A, where A is the adjacency matrix of G and D is a diagonal matrix with dii = degree of i.

Laplacian is a positive semidefinite matrix (PSD matrix), which means xtLx≥ 0, ∀ x.

Theorem 4. For real symmetric matrices A, the following statements are equivalent:
(a) ∀ x, xT Ax≥ 0
(b) λi ≥ 0, λi is any eigenvalue of A
(c) A = BT B

Proof. (a)⇒ (b)

Ax = λx

⇒ xT Ax = xT
λx = λxT x = λ < x,x >

⇒ λ < x,x >≥ 0

⇒ λ ≥ 0

(b)⇒ (c)

A = LDLT

= L
√

D
√

DLT

= LD1/2D1/2LT

= ((D1/2LT )T D1/2LT = BT B

(c)⇒ (a)

A = BT B

⇒ xT AX = xT BT Bx = (Bx)T Bx =< Bx,Bx >≥ 0
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4 Summary

In this lecture, we give a brief introduction of the prelimiaries and some graph related matrix about Spectral
Graph Algorithm.
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